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Abstract

An analysis of the behavior of spherical elastic wave radiation from an impulsively loaded cavity
embedded in an infinite space has been carried out. It is confirmed that the propagating waveform is
dominated by the natural vibration mode of the cavity and the magnitude of the dominant response
depends only on the impulse of the time function of the load, and not the profile of the time function. This
finding supports the fact that the dynamic signals recoded away from the blasting explosive contain mainly
the characteristics of the natural vibrations of the geological structures near the cavity created by a blast.
Based on this finding, two promising methods are proposed for the identification of geo-structures and
parameters.
r 2005 Elsevier Ltd. All rights reserved.
1. Introduction

Elastic waves have been used for a long time in applications in geophysics, seismology, earth
exploration, and non-destructive evaluation of materials and structures [1]. With the help of
advanced computational inverse techniques [2,3], systematic procedures can be developed for
quantitatively determining the parameters (dimensions, material properties, parameterized
see front matter r 2005 Elsevier Ltd. All rights reserved.
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Nomenclature

l;m Lame’s constants of elastic material
r density of material
cp longitudinal wave speed
cs transverse wave speed
x ratio of wave speeds ð¼ cs=cpÞ

r0 radius of an embedded cavity
T0 characteristic time of the cavity

ð¼ r0=2csÞ

o characteristic circular frequency of the

cavity ¼ ð1=T0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p� �
a decaying parameter of the cavity

ð¼ x=T0Þ

I impulse of the excitation load
T duration of the excitation load
Z relative ratio between the duration of

excitation load and the characteristic
time of the cavity ð¼ T=T0Þ

g dimensionless time variable ð¼ t=TÞ
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configurations, etc.) of the systems [4–10], geometries of structural configurations [11–15], and
profiles of wave sources and loadings [16]. For effective inverse analyses or identification of any
system, a good understanding of the features of wave response is essential. This paper aims to
reveal some of the important features of the wave response to the explosive loading by analyzing
the wave response to the impulsive loading applied in cavity embedded in infinite elastic media.
Estimation of blasting waves plays an important role in safety evaluations of engineering

blasting and in the prediction of geophysical structures. The importance of the studies on the
sources of blasting vibration has been recognized since the very beginning of the research works,
as mentioned by Sharpe [17], ‘‘of the three physical processes involved in seismic exploration,
namely the initiation of the seismic waves, their propagation, reflection, refraction, and
dispersion, and the recording of some form of the motion of the surface, we possess the east
satisfactory understanding of the initiation process’’. Although many theoretical models have
been established [18–25], due to the extreme complexities of real site conditions, the practical
estimations are usually based on some empirical or semi-empirical methods ([26–30], etc.). With
the development of the measurement and computational techniques as well as the computer
technologies, it is possible to go beyond some empirical and simple analytical results and to obtain
a more accurate description of blast-induced vibrations under real conditions. More importantly,
a better understanding is required on the main source and propagation features of the blasting
wave, because it allows one to overcome the difficulty of the limitation of the site data and to
extract the most important factors from extremely complex real site conditions.
In seismic studies (on natural earthquakes and blast-induced quakes), the seismic source has

long been assumed as a point source moment, whose time function is determined from the far-field
waveform and its spectrum features [20]. The inverse problem of the seismic source becomes the
determination of the form of the point moment and its time function. Of course, the equivalent
cavity theory developed in early times [17–19] is also an efficient source model for blasting waves.
However, with its lack of different kinds of load models and lack of studies on the time functions,
it has not drawn enough attention by researchers recently. The semi-empirical method based on
the source scaling and wavelet deconvolution has also attracted researchers [26,27]. The
development of numerical methods [21,31] in this field has always been a challenge due to the
inherently complicated properties of rock mass, blasting process, and highly nonlinear and strain
rate-dependent dynamic responses.
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As the point source moment takes the form of a spatial divergence in the equilibrium
equations and the non-smoothness of the derivative of Dirac function, in the best case,
is in H�2��ðOÞð�40) space (the dual space of Sobolev Space H2þ�ðOÞ; where H2þ�ðOÞ is the
space of functions and its derivatives of order less than 2þ � are square integrable in the
domain O [32]), the best smoothness of the solution of the dynamic linear elastic equations
under the action of the point source moment is in the space H2ðt;H�2��Þ \ L2ðt;H��Þ: This
implies that the solution corresponding to the action of the point source moment is a
generalized function, which cannot be defined in a point-to-point manner, but as a functional.
Therefore, it may be concluded that the analytical solution of the point source moment is
singular, resulting in the appearance of components of infinitely high frequencies. In other
words, these components of high frequencies come from the spatial singularities of the
load. Therefore, if we do not limit the frequency range, a waveform with a limited bandwidth
cannot be obtained. This is why people have to limit the bandwidth in applying a point
source moment.
Due to simplicity, the cavity theory gives some explicit results revealing the features of blasting

waves. Using numerical methods, results for cavities of different shapes can also be obtained.
However, for quantitative determinations of the cavity shape, size, and the applied load model,
time function, there exists no suitable theory or rule.
A reliable numerical model validated against field measured data, will provide a cost-effective

means of examining the blasting wave propagation in engineering systems. Since rock damage and
stress wave propagation are highly dependent on material properties and explosion process, it is
necessary to properly model the explosion process, effects of existing discontinuities in rock
mass, cumulative damage of rock mass caused by blasting loads, degradation of stiffness
and strength and plastic deformations of rock material, wave speeds and attenuation properties,
etc. With the complexity of site conditions, it is nearly impossible to handle all these factors
without simplification. In practice, either semi-empirical equivalent source models or equivalent
material approaches are used to simplify the situations. The better the understanding of
physical laws governing the process in blasting vibration we get, the more accurate simulation we
shall make.
It is known that, in a process of fragmenting blasting, the charge may be regarded as an

impulsive load of very short time duration acting on the surrounding media. The energy released
by the charge is mainly transferred to the surrounding media through this impulse load,
resulting in deformation, damage and movement of the media. Obviously, the impulse load
has not been transferred in a form of sharp impulse, but rather propagated outward through
the filtering of the surrounding media. Many researchers believed that the filtering mainly depends
on the inelastic properties of the media (such as plasticity, damping, etc.). Recently, Ding and
Zheng [33] have developed a new source model for blasting vibration which combines the cavity
theory and the moment tensor representation. The model is especially established for numerical
purpose, and the numerical results have shown a good accordance with the experimental data.
The physical mechanism for the model is based on the fact that the propagating wave signal
mainly comes from the natural vibration of the geophysical structure after blasting. This fact not
only reveals the physics in the process of blasting vibration but is also applicable to engineering
problems in geophysics, such as the identification of weak layers and the determination of the
macroscopic material strength of rock.
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In this paper, the fact observed by Ding and Zheng will be again revealed by analyzing the
asymptotic behaviors of the spherical elastic wave radiation from an impulsively loaded cavity.
Applications of these important facts to engineering geophysics will also be discussed.
2. Analysis of elastic wave radiation

Consider an infinite media with a spherical cavity of elastic material defined by rXr0 in a
spherical coordinate system with the origin at the center of the cavity. The elastic media is loaded
by a uniform pressure PðtÞ at the cavity’s boundary defined by r ¼ r0: Due to spherical polar
symmetry, all field variables depend only on the radial distance r and time t: The displacement is
in the radial direction only and is denoted by uðr; tÞ: The solution uðr; tÞ is given by (see the
appendix)

u ¼
qf
qr

(1)

with

fðr; tÞ ¼
1

r
f t �

r � r0

cp

� �
(2)

and

f ðtÞ ¼ e�atðA cos tðotÞ þ B sin tðotÞÞ þ f pðtÞ, (3)

f pðtÞ ¼ e�atðg1ðtÞ cosðotÞ þ g2ðtÞ sinðotÞÞ, (4)

g1ðtÞ ¼
r0c

2
s

mo

Z t

0

eas sinðosÞPðsÞds, (5)

g2ðtÞ ¼
r0c

2
s

mo

Z t

0

eas cosðosÞPðsÞds. (6)

As the duration of blasting load is very short, an asymptotic approximation of the solution f ðtÞ

given by Eq. (3) can be made as follows. Suppose that the pressure can be written in the form of

PðtÞ ¼ IrT ðtÞ, (7)

in which I is the impulse of the load, and

rT ðtÞ ¼
1

T
rðt=TÞ (8)

is an arbitrary dimensionless function, and rðtÞ satisfies

rðtÞ ¼ 0 for t41 and

Z
rdt ¼ 1; rð0þÞ ¼ 0. (9)

It is seen that PðtÞ has a constant impulse I for different duration T of time. The assumption
rð0þÞ ¼ 0 implies that the initial jump of the applied load is zero. For fragmenting blasting, the
shock wave is smoothed by the inelastic material properties in the damaged region; therefore this
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assumption of zero initial jump is correct for pressure caused fragmenting blasting. Under this
assumption, we have

f ðtÞ ¼ f pðtÞ. (10)

For an excitation of the form (7), we let

Z ¼
T

T0
. (11)

Then for very short-time excitation duration T (compared with the characteristic time T0 that is
related to the cavity size (see the appendix)), Z should be very small. Solution f pðtÞ can be
approximated in the following asymptotic form:

f pðtÞ ¼ f 0ðtÞ þ OðZÞ, (12)

where the dominant term

f 0ðtÞ ¼ �
r0c

2
s

om
Ie�at sinot (13)

depends only on the impulse of the load, and does not depend on the form of the time function
rðtÞ: The dominant term contains the natural vibration mode of the cavity. Therefore, it is found
that the response to short-time excitation is dominated by the natural vibration mode. To obtain
expression (12), we first make a change of variable

g ¼
t

T
. (14)

Then we use the Taylor’s expansion of functions

ex ¼ 1þ OðxÞ, (15)

and

cosðxÞ ¼ 1þ Oðx2Þ, (16)

sinðxÞ ¼ x þ Oðx3Þ (17)

to approximate the integrands in Eqs. (5) and (6), which can be expressed as

�
g1ðtÞ

I
¼ L

Z t=T

0

eZxg sinðZbgÞrðgÞdg

¼ L
Z t=T

0

ð1þ OðZÞÞðZbgþ OðZ3ÞÞrðgÞdg

¼ LOðZÞ
Z t=T

0

rðgÞdg ¼ OðZÞ, ð18Þ
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�
g2ðtÞ

I
¼ L

Z t=T

0

eZxg cosðZbgÞrðgÞdg

¼ L
Z t=T

0

ð1þ OðZÞÞð1þ OðZ2ÞÞrðgÞdg

¼ L
Z t=T

0

rðgÞdgþ OðZÞ, ð19Þ

in which

L ¼
r0c

2
s

om
and b ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

q
, (20)

For tXT ; Eq. (19) gives

g2ðtÞ ¼ �LI

Z 1

0

rðgÞdgþ OðZÞ ¼ Lþ OðZÞ (21)

and for toT ; we have

sinðotÞ ¼ ðZbgþ OðZ3ÞÞ ¼ OðZÞ. (22)

Estimates (18), (21), (22) and (4) lead to the asymptotic expansion (12).
An example is given in the following to show the contrast of f ðtÞ with its dominant term f 0ðtÞ

for different time duration ratios Z:
Let y ¼ t=T0 and yT ¼ T=T0; taking a special form of rðtÞ;

rðtÞ ¼
1; t 2 ½0; 1	;

0 otherwise:

	
(23)

Note here that for simplicity we chose the above form of rectangular pulse for rðtÞ; where
rð0þÞa0: However, this does not affect the findings given in the following, as one can
approximate function (23) by a smooth function with zero initial jump and this approximation
does converge for f ðtÞ and its first derivative, and the effect of rð0þÞa0 leads only to another term
of natural vibration in the solution. Then we get

g1ðtÞ ¼
LI

yT

exyðx sinðbyÞ � b cosðbyÞÞ þ b; toT ;

exyT ðx sinðbyT Þ � b cosðbyT ÞÞ þ b; tXT ;

(
(24)

g2ðtÞ ¼ �
LI

yT

exyðx cosðbyÞ þ b sinðbyÞÞ � x; toT ;

exyT ðx cosðbyT Þ þ b sinðbyT ÞÞ � x; tXT :

(
(25)

Normalizing f pðtÞ by LI gives

FðtÞ ¼
f pðtÞ

LI
¼ G1ðtÞe

�xy cosðbyÞ þ G2ðtÞe
�xy sinðbyÞ, (26)
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in which

G1ðtÞ ¼
1

yT

exyðx sinðbyÞ � b cosðbyÞÞ þ b; toT ;

exyT ðx sinðbyT Þ � b cosðbyT ÞÞ þ b; tXT ;

(
(27)

G2ðtÞ ¼ �
1

yT

exyðx cosðbyÞ þ b sinðbyÞÞ � x; toT ;

exyT ðx cosðbyT Þ þ b sinðbyT ÞÞ � x; tXT

(
(28)

and the normalized dominant part is given by

F0ðtÞ ¼
f 0ðtÞ

LI
¼ �e�xy sinðbyÞ. (29)

Fig. 1 shows the comparisons of FðtÞ with its dominant part F0ðtÞ for different time ratio Z:
From the figure, it can be seen that for short excitation, the response F ðtÞ is very close to its

asymptotic approximation, i.e. the dominant part F0ðtÞ:
Since we do not have experimental data for the estimation of Z; some reference data are hence

used to give some approximate bounds of it. From the experimental results of [30], the

characteristic time of the blasted cavity could be estimated as (using T0 ¼ ð1=oÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
; x2 ¼ 3

8
)

T0

Q1=3
¼ 6:4ms=kg1=3 (30)

From the experimental results of [34], the duration of the stress wave near the blasted region could
be estimated as

T0

Q1=3
¼

0:35ms=kg1=3 for saturated situation;

3:2ms=kg1=3 for dry situation:

(
(31)
Fig. 1. Comparisons of F ðtÞ with its dominant part F0ðtÞ for different time ratio Z:
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The experimental results given by Sun are in the condition between saturated situation and dry
situation, and hence the maximum value of Z should be between 0.05 and 0.53. In practice, for
fragmenting blasting it is believed that Zp0:25; and therefore the far-field signal comes mainly
from the dominant part F0ðtÞ; and the wave forms depend only on the geostructure near the
blasted region and the properties of the medium in the propagation pass.
3. Applications to engineering problems in geophysics

From the above discussion, we conclude that the vibrating signals recorded away from the
blasting explosive contain the characteristics of the natural vibrations of the geological structures
near the broken (blasted) region (this is true even for the case that is without the assumption
Pð0þÞ ¼ 0). For fragmenting blasting, the wave radiated from the blasting should be the emission
of the natural vibration mode excited by the impulse load by explosion, like the solution f 0ðtÞ: So
the equivalent blasting vibration source could be modeled as a distributed moment tensor
enclosed in a certain region around the explosive, and the time variation of the moment tensor
depends mainly on its impulse. This gives a strong explanation of the findings given in Ref. [33].
From site observation, it is not difficult to obtain the wave speeds and, the main frequency of the
wave signals. As the main frequency stays nearly unchanged in a certain range of the propagation
pass, it is not affected very much by the propagation pass medium. From this point of view, the
characteristic time of the blasting source region, i.e. the period of the main frequency of the
blasting vibration, could easily be estimated, and thus the size of the loading region in the source
model [33]. Then the moment tensor and the impulsive intensity I of the source model could be
determined by an identification process. On the other hand, the mechanism presented in the
source model could be used to identify the characteristics of geostructures from observing the data
of the blasting wave. Several trial applications are as follows.

3.1. Identification of the strength property of geomaterial

From the analysis in the previous section and the site data, it is strongly suggested that the size
of the loading region in the source model is proportional to the main frequency of the wave signal.
As the size of the loading region has statistical and integrated information of the strength
properties of medium, combining with some other information, we can extract the strength
properties of medium from the data of main frequencies of waves from a well-defined test with
specified blasting load conditions.

3.2. Identification of thin weak layers and crack

Because the vibration signal retains the characteristics of the natural vibration of the
geometrical structure modified by the explosion near the source, we can use explosives sources to
identify the thin weak layers in engineering geostructures. Fig. 2 gives a schematic explanation of
this method.
We have done some numerical testing to confirm the feasibility of the method. The testing

results have been done for a weak layer placing under the ground surface at depth.
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Numerical simulations have been done for a model as shown in Fig. 3. The block has a
dimension of 41m
 41m
 41m: The horizontal weak layers centers are under the ground
surface at a depth of 30.5m, and with the thickness of 1m and different dimensions (10m, 22m,
34m, etc.). Blasting sources are placed along the vertical central line of this block with different
depths. LS_DYNA with the source model of blasting vibration proposed by [33] is used to
perform the numerical tests, the moment tensor is isotropic in a 1m
 1m
 1m region and the
time function is of the form of an isosceles triangle with constant area (constant impulse) for all
numerical tests. All media are supposed to be isotropic and elastic. For solids above and below
weak layers, E ¼ 2:4
 1010; v ¼ 0:3; r ¼ 2400: For weak layers and broken regions, E ¼

2:4
 108; v ¼ 0:3;r ¼ 2400: Each face of the block is imposed transmitting boundary conditions
but the upper face (ground surface) is stress free. Sensors are installed at points such as A or B on
the free surface in the experiment to pick up blasting vibration signals. The position of A or B on
the free surface does not affect the qualitative effects of the results, so for the following, the
position of A or B will not be mentioned.
Fig. 4 shows the comparison of the numerical results for cases with weak layer and without

weak layer when the explosive is placed in the weak layer. And Fig. 5 shows the comparison of the
numerical results for cases with weak layer and without weak layer when the explosive is placed in
the position near the ground surface (1.5m below the free surface).
From the results, we could find that when the explosive is placed in the position near the ground

surface, the existence of the weak layer does not affect strongly the observed signal at the ground
surface (see Fig. 5). But in contrast, when the explosive is placed in the position near the weak
layer, the characteristics of the signal are totally different (see Fig. 4). The signal reflects the
information of the weak layer. As the constant source’s impulse and the isotropic moment tensor
with a constant region have been used for all calculations, the results need some comments: in
general, for different material, the region occupied by the moment tensor will be different, and the
Fig. 2. Schematic explanations of the method to identify the thin weak layers and cracks in engineering geostructures.



ARTICLE IN PRESS

Fig. 3. Numerical model for horizontal weak layers.

Fig. 4. Comparison of the wave forms with and without weak layer when the explosive is placed in the same position

which is near the layer when the layer exists.

Fig. 5. Comparison of the wave forms with and without weak layer when the explosive is placed in the same position

near the ground surface.

H. Ding et al. / Journal of Sound and Vibration 288 (2005) 91–106100
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Fig. 6. The numerical results for different lengths of the weak layer in the frequency domain.
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weaker the material is, the larger the region will be; the variation of the impulse will be in an
inverse manner. As the main frequency of the signal depends on the dimension of the
region occupied by the moment tensor, for the real case, the contrast in frequency should be
more important than the calculated results. And for the real case, the contrast in amplitude
should be less than the calculated results. The results for different lengths of weak layer are shown
in Fig. 6
It is shown that as the length of the distribution of the weak layer augments, the peaks’

positions will all go to the frequency direction, and the lowest frequency peak augments while
others decrease. This conclusion should be true for the real case according to the comments given
above.
4. Conclusions and discussions

The asymptotic analysis of the wave radiation from a loaded cavity confirms that for short-time
excitation, the spectrum of the radiated wavefield will depend on the resonances of the cavity and
not on the details of the actual excitation. And the discussion that the time ratio Z for
experimental data is in general less than 0.25 leads to that for fragmenting blasting; the dynamic
signals recoded away from the blasting explosive contain mainly the characteristics of the natural
vibrations of the geological structures near the cavity created by a blast.
From the numerical results given in the previous section, we could suggest the obvious contrasts

that the vibrations should exhibit when the weak layer exists. The longer the layer length is, the
less the characteristic frequencies of the vibration signals will be.
In the numerical simulation, the constant source’s impulse and the isotropic moment tensor

with a constant region have been used for all calculations. This is just for the qualitative tendency
of the phenomena. Anisotropic moment tensor should be used and calibrated by real tests for real
applications in combination with other effects of weak layers such as the shallow effect for
transmitting waves, and this will be the future work.



ARTICLE IN PRESS

H. Ding et al. / Journal of Sound and Vibration 288 (2005) 91–106102
Acknowledgements

This work is supported by the Special Funds for Major State Basic Research Project under
Grant No. 2002CB412706; and the project: ‘‘The crucial mechanical problems in landsliding
engineering’’ of the Chinese Academy of Sciences.
Appendix A. Elastic wave radiation from a loaded cavity

Within the linear elastic zone, at radial distances rXr0 there is spherical polar symmetry around
an origin at the center of the source, and all field variables depend only on the radial distance r

and time t: Displacement is in the radial direction only and is denoted by uðr; tÞ: There arc two
components of stress, the radial component

srr ¼ ðlþ 2mÞ
qu

qr
þ 2l

u

r
(A.1)

and the normal stress in any direction perpendicular to the radius

syy ¼ l
qu

qr
þ 2ðlþ mÞ

u

r
, (A.2)

in which l and m are Lame’s constants. The linearized equation of motion is (on neglecting body
forces)

qsrr

qr
þ

2ðsrr þ syyÞ
r

¼ r
q2u
qt2

, (A.3)

in which r is the density. Then

q2u
qr2

þ
2

r

qu

qr
�

2

r2
u ¼

1

cp

q2u
qt2

, (A.4)

in which

c2p ¼ ðlþ 2mÞ=r, (A.5)

is the dilatational wave speed. It is convenient to express the radial displacement u in terms of the
displacement potential f;

u ¼
qf
qr

, (A.6)

for then it can be seen that f must obey the familiar wave equation for spherical waves

q2

qr2
ðrfÞ ¼

1

c2p

q2

qt2
ðrfÞ. (A.7)

Eq. (A.7) has the solution

fðr; tÞ ¼
1

r
f t �

r � r0

cp

� �
, (A.8)
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where only outgoing waves have been considered and f ðtÞ; with dimensions of volume, is known
as the volume injection function. This equation is valid throughout the region where the basic
equations (A.1)–(A.3) apply, that is for rXr0 and t � ðr � r0Þ=cpX0: The displacement in this
linear region is found from Eq. (A.6)

uðr; tÞ ¼ �
1

rcp

f 0
ðtÞ �

1

r2
f ðtÞ, (A.9)

where the prime indicates differentiation with respect to the argument, and

t ¼ t �
r � r0

cp

; tX0. (A.10)

with

f ðtÞ ¼ 0 for to0. (A.11)

The radial stresses can be obtained as

srr ¼
m

c2s r
f 00
ðtþ

4c2s
rcp

f 0
ðtÞ þ

4c2s
r2

f ðtÞ
� �

, (A.12)

in which cs is the share wave speed and given by

c2s ¼ m=r. (A.13)

Suppose that at the inner boundary of the linear elastic zone, a uniform pressure PðtÞ is
imposed, i.e.

srr ¼ �PðtÞ for r ¼ r0 (A.14)

or

f 00
ðtÞ þ

4c2s
r0cp

f 0
ðtÞ þ

4c2s
r20

f ðtÞ ¼ �
r0c

2
s

m
PðtÞ. (A.15)

Eq. (A.15) has solution of the form

f ðtÞ ¼ e�atðA cosðotÞ þ B sinðotÞÞ þ f pðtÞ, (A.16)

in which f pðtÞ is given by

f pðtÞ ¼ e�atðg1ðtÞ cosðotÞ þ g2ðtÞ sinðotÞÞ, (A.17)

and with

g1ðtÞ ¼
r0c

2
s

mo

Z t

0

eas sinðosÞPðsÞds, (A.18)

g2ðtÞ ¼
r0c

2
s

mo

Z t

0

eas cosðosÞPðsÞds, (A.19)

a ¼
x

T0
, (A.20)
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o ¼
1

T0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

q
, (A.21)

T0 ¼
r0

2cs

, (A.22)

x ¼
cs

cp

. (A.23)

T0 is the characteristic time of the local geostructure. From Eq. (A.16), we see that the solution is
decomposed into two parts: one is due to the natural vibration of the blasted geostructure (around
the cavity) with frequency o and decaying factor e�at; and it is excited by the initial jump of the
load PðtÞ; and another is the direct excitation f pðtÞ by the load PðtÞ:
Under the initial condition

uðr; 0Þ ¼ 0 and utðr; 0Þ ¼ 0 (A.24)

or

�
1

r0cp

f 0
ð0Þ �

1

r20
f ð0Þ ¼ 0 and �

1

r0cp

f 00
ð0Þ �

1

r20
f 0
ð0Þ ¼ 0, (A.240)

we have

A ¼ AðxÞ
r30
4m

Pð0Þ and B ¼ BðxÞ
r30
4m

Pð0Þ (A.25)

with

AðxÞ ¼
2xBðxÞ

2x2 � 1
, (A.26)

BðxÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� x2
p

ð2xð3
2
� 2x2Þ=ð2x2 � 1Þ þ ð4x2 � 1Þ=ð2xÞÞ

. (A.27)

From Eq. (A.25), the amplitude of the natural vibration mode is proportional to the initial jump
of the applied load. But, in the elastic zone boundary, this jump is generally equal to zero, due to
deformation and medium damping.
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[25] M.G. Imhof, M.N. Toksöz, The effect of synchronized multiple-cavity sources on seismic radiation, Bulletin of the

Seismological Society of America 92 (2002) 2381–2390.

[26] A.M. Ziolkowski, W.E. Lerwill, D.W. March, L.G. Peardon, Wavelet deconvolution using a source scaling law,

Geophysical Prospecting 28 (6) (1980) 872–901.

[27] A.M. Ziolkowski, K. Bokhorst, Determination of the signature of a dynamite source using source scaling:

part I: theory, Geophysics 58 (8) (1993) 1174–1182; part II: experiment, Geophysics 58 (8) (1993)

1183–1194.

[28] R.L. Gibson Jr., W.R. Turpening, A. Born, R.M. Turpening, Observations of borehole source amplitude

reduction due to casing, Geophysical Prospecting 45 (1997) 1–20.
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