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Cells constantly probe their surrounding microenvironment by pushing and pulling on the
extracellular matrix (ECM). While it is widely accepted that cell induced traction forces at
the cell–matrix interface play essential roles in cell signaling, cell migration and tissue
morphogenesis, a number of puzzling questions remain with respect to mechanosensing
in cell–substrate interactions. Here we show that these open questions can be addressed
by modeling the cell–substrate system as a pre-strained elastic disk attached to an elastic
substrate via molecular bonds at the interface. Based on this model, we establish
analytical and numerical solutions for the displacement and stress fields in both cell
and substrate, as well as traction forces at the cell–substrate interface. We show that the
cell traction generally increases with distance away from the cell center and that the
traction-distance relationship changes from linear on soft substrates to exponential on
stiff substrates. These results indicate that cell adhesion and migration behaviors can be
regulated by cell shape and substrate stiffness. Our analysis also reveals that the cell
traction increases linearly with substrate stiffness on soft substrates but then levels off to
a constant value on stiff substrates. This biphasic behavior in the dependence of cell
traction on substrate stiffness immediately sheds light on an existing debate on whether
cells sense mechanical force or deformation when interacting with their surroundings.
Finally, it is shown that the cell induced deformation field decays exponentially with
distance away from the cell. The characteristic length of this decay is comparable to the
cell size and provides a quantitative measure of how far cells feel into the ECM.

& 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Mechanosensing of adherent cells on elastic substrates is an issue of fundamental importance to the understanding of a
range of phenomena in cell mechanics including cell adhesion, cell migration and cell differentiation (Lo et al., 2000; Discher
et al., 2005; Peyton and Putnam, 2005; Yeung et al., 2005; Engler et al., 2006; Tee et al., 2011; Zhong and Ji, 2014). When
cultured on a substrate, cells constantly probe, push and pull on the substrate via traction forces at the cell–substrate interface
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induced by the myosin driven contractility in the cytoskeleton (Harris et al., 1980). These forces drive cell migration and tissue
morphogenesis, and maintain the intrinsic mechanical tone of tissues. In spite of intense interests and tremendous progresses
over several decades, the precise distribution and regulation mechanisms of cell traction forces are still poorly understood,
partly due to the complexity of cell behaviors and insufficient resolution of existing cell traction force microscopy techniques
(Gardel et al., 2008; Ghassemi et al., 2012; Polio et al., 2012). Much further work is needed before a thorough understanding of
the principles of cellular mechanosensing under both physiological and pathological conditions can be achieved.

It is known that cells interact with their substrates through focal adhesion complexes (FACs) which not only
mechanically anchor the cells on substrates, but also play critical roles in mechanosensing and mechanotransduction
(Bershadsky et al., 2003). Mechanical forces appear to play critical roles in the stability of FACs. For example, it has been
shown that a small pulling force on cells by micropipette induces growth of FACs (Balaban et al., 2001; Riveline et al., 2001;
Tan et al., 2003), but a large pulling force on cells due to substrate stretching induces cell reorientation (Kaunas et al., 2005;
Jungbauer et al., 2008; Liu et al., 2008), and recent studies demonstrated that cell reorientation on substrates under cyclic
stretch can be related to the stability of FACs (Kong et al., 2008a,b; Zhong et al., 2011; Chen et al., 2012; Qian et al., 2013).
Further studies clarified that the stability of FACs exhibits a biphasic dependence on cell traction, with a stabilizing to
disruptive transition as the traction is continuously increased (Kong et al., 2010; Zhong et al., 2011; Chen et al., 2012). The
traction force dependent dynamics of stability of FACs can be crucial for mechanosensing of cells on substrates.

Substrate stiffness has also been recognized to play a key role in mechanosensing of cells. Experiments indicated that
substrate stiffness has significant effects on the traction forces at the cell–substrate interface as well as the cell spreading area.
On a substrate patterned with arrays of microposts, Fu and co-workers (Fu et al., 2010; Weng and Fu, 2011) observed that the
cell traction force, cell spreading area, and total area of FACs all increase with the stiffness of the microposts, and the total
traction force is linearly proportional to the cell spreading area. Tan et al. (2003) reported that the average force on the
microposts increases with the cell spreading area. Ladoux and co-workers (Saez et al., 2005; Ghibaudo et al., 2008; Ladoux
et al., 2010) found that the average force as well as the largest force on a micropost exhibit a biphasic dependence on the
stiffness of the post, i.e., they increase linearly with the post stiffness when the latter is relatively soft, but then level off to a
plateau value on sufficiently stiff posts (Fig. 1a). On a continuous substrate, it was reported that cell traction is proportional to
the cell spreading area (Reinhart-King et al., 2005), the latter exhibiting a similar biphasic dependence on the substrate
stiffness (Sen et al., 2009). However, in spite of the accumulating experimental evidence, the biphasic dependence of cell
traction on substrate stiffness has not been satisfactorily explained. This lack of understanding has resulted in an on-going
debate on whether cells sense force or deformation on an elastic substrate (Freyman et al., 2002; Tan et al., 2003; Saez et al.,
2005).
Fig. 1. Mechanosensing of cells on elastic substrates. (a) Cell exerts traction forces and deflects an array of elastomeric micro-posts on substrate. The cell
traction exhibits a biphasic dependence on the stiffness of the micro-posts. (b) A traction–distance law in cellular mechanosensing: the larger the distance
from the cell center, the higher the cell traction. The commonly observed polarized cell shape is expected to play a crucial role in tuning the distribution of
traction force and controlling cell migration behaviors. (c) The cell induced deformation field in the substrate decays with depth or distance away from the
cell, which defines the characteristic length of cellular mechanosensing.
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Besides magnitude, the distribution of cell traction has also received considerable attention. Rape et al. (2011) conducted
a systematic study on the dependence of cell traction on cell geometry and spreading area, and observed that the cell
traction and the size of FACs are both proportional to the distance from the cell center (Fig. 1b). Gardel et al. (2008) and
Dembo and Wang (1999) showed that the cell traction decreases with distance from the cell edge in migrating keratocytes
and fibroblasts. Similar traction–distance relationship has been observed in cell colonies (Mertz et al., 2012) and cells
cultured in 3D matrices (Legant et al., 2010). A general observation is that the cell traction force increases with distance from
the cell center: the larger the distance, the higher the traction force. Surprisingly, so far there is relatively little discussion on
the mechanisms underlying the observed force-distance relationship, which can have important implications on cell
migration behaviors and the role of cell shape in regulating traction distribution.

While it is known that cells actively sense a substrate by actively pulling and pushing on it, the interesting question of
how far and deep cells can feel into their surroundings still has not been satisfactorily addressed, despite the fundamental
importance of this question in understanding the mechanosensing of cells. It has been shown that mesenchymal stem cells
exhibit enhanced spreading on thin gels (�500 nm) than on thick ones (70 μm) (Engler et al., 2006); The strains induced by
cell contraction are generally larger on thinner gels and decrease rapidly with increasing gel thickness. Studies also indicated
that the displacements and strains on gel surfaces decay rapidly with distance away from the cell periphery (Sen et al.,
2009) (Fig. 1c). However, literature estimates of the mechanosensing distance of cells vary from a couple of microns to
several tens of microns, as a result of various attempts to associate the cellular mechanosensing distance to cell length
(Butler et al., 2002), cell height (Engler et al., 2004), magnitude of surface displacements or size of focal adhesions (Sen et al.,
2009). A quantitative understanding of how far and deep cells can feel into their surroundings and how the thickness of a
substrate affects the mechanosensing distance of cells remains to be clarified.

A variety of theoretical models have been developed from different perspectives to interpret experimental observations.
Nicolas and Safran (2006) developed a two-layered model of a single FAC interacting with an elastic substrate and showed
that the FAC prefers to grow on a stiffer substrate. Chen and Gao (2006) adopted a generalized JKR model in analyzing the
stability of cell adhesion under substrate stretching. Lemmon and Romer (2010) studied the distribution of cell traction by
modeling cell as a network of stress fibers each represented as a linear elastic truss with a uniform tensional pre-strain;
However, these authors made a strong assumption that the contractile force in a stress fiber is proportional to its length,
which is unfortunately applicable only on a sufficiently soft matrix (Zhong et al., 2012). Deshpande et al. (Deshpande et al.,
2008; Pathak et al., 2008) developed a FEM based biomechanical model that takes into account the dynamic reorganization
of cytoskeleton and FACs in modeling cell contractility and cell–matrix interaction; They showed that the FACs tend to
aggregate at cell periphery. Edwards and Schwarz (2011) developed a simple and elegant model to calculate the traction
force of a cell layer on microposted substrate by treating the microposts as elastic springs, with results indicating that cell
traction prefers to localize at the periphery of the layer, in consistency with the experimental results of Mertz et al. (2012).

While the above studies represent tremendous progresses in understanding cell–matrix interactions, a few open
questions remain to be clarified:
1)
 Why is cell traction distributed in a distance-dependent manner? What implications does this have on cell migration
behaviors? Can cell migration be controlled by regulating the distribution of cell traction?
2)
 What is the mechanism by which substrate stiffness influences the magnitude and distribution of cell traction?

3)
 Do cells sense mechanical deformation or force on a substrate?

4)
 How far and deep can cells feel into a substrate?

In view of these open questions and experimental observations that have resulted in often fragmented and sometimes
confusing conclusions on different facets of the problem, here we propose an alternative approach by modeling the cell–
substrate system as a pre-strained elastic disk attached to an elastic substrate via adhesion molecules at the cell–substrate
interface. We will show that this model has all the essential features of a contracting cell body on a substrate, and is also
simple enough to allow analytical treatment. We first relate the deformation field in the substrate to traction forces at the
cell–matrix interface based on the Boussinesq–Cerruti solution. A set of governing equations and boundary conditions are
then obtained by linking the deformation of cell and substrate via molecular bonds at the cell–substrate interface. We
consider the effects of substrate stiffness, substrate thickness, adhesion molecules and cell spreading area on the cell
traction as well as the deformation fields in the cell and substrate. To our best knowledge, this is the first analytical model
capable of integrating cell contractility with elastic deformation of cell, substrate as well as adhesion molecules along the
interface. We will show that this model can explain essentially all experimental observations with respect to mechanosen-
sing of cells on substrate, and therefore has the potential to provide a quantitative understanding of the mechanisms that
regulate cell interactions with elastic substrates, including the magnitude and distribution of cell traction forces, as well as
their implications on cell adhesion and migration behaviors.
2. Contracting disk model and analytical solutions

Due to the intrinsic contractility of cytoskeleton, cells have been frequently modeled as an elastic body with pre-strain ε0
(Deshpande et al., 2008; Chen and Gao, 2010; Edwards and Schwarz, 2011; Friedrich and Safran, 2012). For cells adhering on
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an elastic substrate, cell contraction induces deformation in the substrate (Harris et al., 1980) and traction forces (shear
force) at the cell–substrate interface. Experimental observations have shown that the pre-strain of cells is usually around
ε0 ¼ 0:1 under physiological conditions (Deguchi et al., 2006; Lu et al., 2008; Zhong et al., 2011).

Note that force-dipoles can also be used to model the intrinsic contractility of cells, as done by Safran and coworkers in
studying the cell–substrate interactions (Schwarz and Safran, 2002; Bischofs et al., 2004; Friedrich and Safran, 2012) and cell
alignment on substrates under cyclic stretching (De et al., 2007; De and Safran, 2008; De et al., 2008). In principle, a pre-
strain is equivalent to a continuous distribution of infinitesimal force dipoles. In the present work, we will show that it is
more convenient to model cell contraction as a pre-strain in dealing with deformation and distribution of adhesion
molecules at the cell–matrix interface.

To enable a model as simple as possible without losing the essential physics of the problem, we treat an adherent cell as a
pre-strained elastic disk with the following two-dimensional plane stress constitutive equation

σij ¼
Ec

1þνc
εijþ

νc
1�νc

εkkδij

� �
þ Ec
1�νc

ε0δij; ð1Þ

where Ec is Young's modulus, νc Poisson's ratio of the cell and i; j¼ 1; 2. The second term in the above equation accounts for
the cytoskeletal contractility.

Fig. 2 shows schematically a cell adhering on a substrate via adhesion molecules at the cell–substrate interface. The cell
has radius R, while the interfacial adhesion molecules have spring constant kb and areal number density ρ. Here we consider
two different types of elastic substrates: a continuous substrate and a micropost-patterned substrate.

From deformation compatibility, the radial elongation of a molecular bond at the interface is

ΔrðrÞ ¼ usðrÞ�ucðrÞ ð2Þ
Fig. 2. Contracting disk model of cell–matrix interaction. (a) Schematic of a cell adhering and pulling on an elastic substrate due to the intrinsic
contractility of cell. (b) The cell is modeled as an elastic contracting disk which is anchored on the substrate via molecular bonds (treated as elastic springs)
at the cell–substrate interface. Before cell contraction, there is no elastic deformation in the system. Cell contraction induces displacements in the cell and
substrate, denoted as uc and us respectively, as well as elongation of molecular bonds Δr ¼ us�uc .
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where ucðrÞ and usðrÞ denote radial displacements of the cell and substrate, respectively, as shown in Fig. 2. The cell traction
τcðrÞ at the interface can be related to ΔrðrÞ as

τcðrÞ ¼ ρkbΔrðrÞ ð3Þ
where ρkb is the areal stiffness of the interfacial bonds.

From the axisymmetry of the model, the equilibrium equation of the cell disk is

d2ucðrÞ
dr2

þ1
r
ducðrÞ
dr

� 1
r2
ucðrÞþ

1
En

chc
τcðrÞ ¼ 0; ð4Þ

subject to boundary conditions

ucðrÞ ¼ 0 r¼ 0

σr ¼ En

c
ducðrÞ
dr þνcucðrÞ

r

� �
þ Ec

1�νc
ε0 ¼ 0 r¼ R;

8<
: ð5Þ

where hc is the height of the cell and En

c represents Ec
1�ν2c

. Because the bond elongation Δr is a function of substrate
displacement us, next we need to relate the substrate deformation to the interfacial traction.

2.1. Cell on a semi-infinite substrate

2.1.1. Surface displacement of a semi-infinite substrate
Our first step is to relate the substrate surface displacement us to the interfacial traction (Fig. 3)

τs ¼ τc: ð6Þ
Without loss of generality, we consider displacement at point C ðr; 0Þ induced by an infinitesimal traction force τsdA at

an arbitrary point Dðr';θÞ inside the cell domain S at the interface. The coordinates of C can be expressed in terms of a local
Cartesian coordinate system centered at D as (Fig. 3)

x¼ r'�r cos θ
y¼ �r sin θ

(
ð7Þ

According to the well-known Boussinesq–Cerruti solution (see Eq. (S1.1) in Supporting information), the surface
displacements (z¼ 0) at C induced by a force τsdA at D are (Johnson, 1987)

du¼ ð1þνsÞ
πEs

ffiffiffiffiffiffiffiffiffiffiffi
x2 þy2

p ð1�νs y2

x2 þy2ÞτsdA

dv¼ ð1þνsÞνsxy
πEsðx2 þy2Þ32

τsdA

8><
>: ð8Þ

where Es and νs denote Young's modulus and Poisson's ratio of the substrate, respectively. The radial displacement at C is

d ~usðr; r'Þ ¼ �du cos θ�dv sin θ: ð9Þ
Substituting (7) and (8) into (9) leads to

d ~usðr; r'Þ ¼
τsdA
2πGs

νsrr' sin
2θ

ðr'2�2rr' cos θþr2Þ32
� cos θffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r'2�2rr' cos θþr2
p

 !
ð10Þ
Fig. 3. Coordinates used to calculate displacement at point C ðr;0Þ on the substrate surface using the Boussinesq–Cerruti solution of a point force of
magnitude τsdA applied at another point D ðr'; θÞ in the cell domain S on the substrate surface.
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where Gs ¼ Es=ð2ð1þνsÞÞ is the shear modulus of the substrate. The radial displacement usðrÞ induced by contraction of the
whole cell can be obtained by integrating d ~usðr; r'Þ over the cell domain S as

usðrÞ ¼
Z
S
d ~usðr; r'Þ ð11Þ

Substituting (10) into (11) and performing area integration with dA¼ r'dr'dθ yield

usðrÞ ¼
2
πEn

s

Z R

0
f

r'
r

� �
τcðr'Þdr' ð12Þ

where En

s ¼ Es=ð1�ν2s Þ, and

f
r'
r

� �
¼ ð1þr'=rÞEllipticE 2

ffiffiffiffiffiffiffiffi
r'=r

p
1þr'=r

 !
�ððr'=rÞ2þ1Þ

1þr'=r
EllipticK

2
ffiffiffiffiffiffiffiffi
r'=r

p
1þr'=r

 !
ð13Þ

where EllipticEðxÞ ¼ R 1
0

ffiffiffiffiffiffiffiffiffiffiffiffi
1� x2t2

p ffiffiffiffiffiffiffiffiffi
1� t2

p dt and EllipticKðxÞ ¼ R 1
0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� t2Þð1�x2t2Þ

p dt.

2.1.2. Governing equation of the cell–matrix system
According to (2) and (3), the shear traction along the cell–matrix interface can be expressed in terms of cell and substrate

deformation as

τcðrÞ ¼ ρkbðusðrÞ�ucðrÞÞ: ð14Þ
Substituting (12) into (14), and the resulting equation into (4), we obtain the governing equation of the system in terms of
cell displacement ucðrÞ as,

d2ucðrÞ
dr2 þ1

r
ducðrÞ
dr � 1

r2þ
ρkb
En

c hc

� �
ucðrÞ

�2ρkb
πEn

s

Z R

0
f

r'
r

� �
d2ucðr'Þ
dr'2

þ1
r'
ducðr'Þ
dr'

� 1

r'2
ucðr'Þ

 !
dr'¼ 0 ð15Þ

For convenience, we introduce normalized variables r¼ r=R, r'¼ r'=R, ucðrÞ ¼ ucðrÞ=R, and rewrite (15) and the associated
boundary conditions in dimensionless form as

d2ucðrÞ
dr2

þ1
r
ducðrÞ
dr � 1

r2
þρkbR

2

En

c hc

� �
ucðrÞ

�2ρkbR
πEn

s

Z 1

0
f

r'
r

� �
d2ucðr'Þ
dr'2

þ1
r'
ducðr'Þ
dr'

� 1

r'2
ucðr'Þ

" #
dr'¼ 0 ð16Þ

ucðrÞ ¼ 0 r¼ 0

En

c
ducðrÞ
dr þνcucðrÞ

r

� �
þ Ec

1�νc
ε0 ¼ 0 r¼ 1

8<
: ð17Þ

2.1.3. Solution to the governing equation
Eq. (16) indicates that the solution is governed by two dimensionless parameters a¼ 2ρkbR=ðπEn

s Þ and b¼ ρkbR
2=ðEn

chcÞ. It
can be shown that ao1 for most practical situations. Therefore, we adopt a perturbation approach by expanding ucðrÞ as

ucðrÞ ¼ ∑
1

m ¼ 0
amucðmÞðrÞ: ð18Þ

Substituting (18) into (16) and (17) allows us to obtain governing equations and boundary conditions to different orders in
am. The zeroth-order equation and associated boundary conditions (m¼ 0), corresponding to the case of cell on a rigid
substrate, are

d2ucð0ÞðrÞ
dr2

þ1
r
ducð0ÞðrÞ

dr
� 1

r2
þb

� �
ucð0ÞðrÞ ¼ 0 ð19Þ

ucð0ÞðrÞ ¼ 0 r¼ 0

En

c
ducð0ÞðrÞ

dr þνc
ucð0ÞðrÞ

r

� �
þ Ec

1�νcε0 ¼ 0 r¼ 1

8<
: ð20Þ

The higher-order (m¼ 1; 2;⋯) governing equations and the associated boundary conditions are

d2ucðmÞðrÞ
dr2

þ1
r
ducðmÞðrÞ

dr
� 1

r2
þb

� �
ucðmÞðrÞ�FmðrÞ ¼ 0 ð21Þ
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ucðmÞðrÞ ¼ 0 r¼ 0

En

c
ducðmÞðrÞ

dr þνc
ucðmÞ ðrÞ

r

� �
¼ 0 r¼ 1

8<
: ð22Þ

where

F ðmÞðrÞ ¼
Z 1

0
f

r'
r

� �
d2ucðm�1Þðr'Þ

dr'2
þ1
r'
ducðm�1Þðr'Þ

dr'
� 1

r'2
ucðm�1Þðr'Þ

" #
dr' ð23Þ

The solution to zeroth-order equation in (19) is

ucð0ÞðrÞ ¼ C1ð0ÞBesselIð1;
ffiffiffi
b

p
rÞþC2ð0ÞBesselKð1;

ffiffiffi
b

p
rÞ ð24Þ

where the coefficients C1ð0Þ and C2ð0Þ are determined from boundary conditions (20) as

C1ð0Þ ¼ ð1þνcÞε0
ð1�νcÞBesselIð1;

ffiffi
b

p
Þ�

ffiffi
b

p
BesselIð0;

ffiffi
b

p
Þ

C2ð0Þ ¼ 0

8<
: ð25Þ

From Eq. (21), the higher order perturbation solutions are obtained as

ucðmÞðrÞ ¼ C1 mð ÞBesselIð1;
ffiffiffi
b

p
rÞþC2ðmÞBesselKð1;

ffiffiffi
b

p
rÞ

þBesselIð1;
ffiffiffi
b

p
rÞ
Z r

0
BesselKð1;

ffiffiffi
b

p
rÞFmðrÞrdr

�BesselKð1;
ffiffiffi
b

p
rÞ
Z r

0
BesselIð1;

ffiffiffi
b

p
rÞFmðrÞrdr ð26Þ

where C1ðmÞ and C2ðmÞ are coefficients determined from the boundary conditions (22) as

C1ðmÞ ¼ χ
R 1
0 BesselIð1;

ffiffiffi
b

p
rÞFmðrÞrdr�

R 1
0 BesselKð1;

ffiffiffi
b

p
rÞFmðrÞrdr

C2ðmÞ ¼ 0

(
ð27Þ

where

χ ¼ ð1�νcÞBesselKð1;
ffiffiffi
b

p
Þþ

ffiffiffi
b

p
BesselKð0;

ffiffiffi
b

p
Þ

ð1�νcÞBesselIð1;
ffiffiffi
b

p
Þ�

ffiffiffi
b

p
BesselIð0;

ffiffiffi
b

p
Þ

ð28Þ

Substituting (24) and (26) into (18) yields the final perturbation solution to the cell displacement. According to Eq. (4), the
dimensionless cell traction τcðrÞ ¼ τcðrÞ=En

c can be obtained from

τcðrÞ ¼ �hc
R

d2ucðrÞ
dr2

þ1
r
ducðrÞ
dr

� 1

r2
ucðrÞ

 !
: ð29Þ

In particular, the zeroth-order solution is found to be

τcð0ÞðrÞ ¼ �hcb
R

C1 0ð ÞBesselIð1;
ffiffiffi
b

p
rÞ ð30Þ

The displacement and stress fields in the substrate can be calculated using Eqs. (S1.5) and (S1.6) in Supporting information
S1. It is found that our perturbation solution converges at the second order. Therefore, only the zeroth, first and second
order terms of Eq. (18) are included in our calculations.

2.2. Cell on a substrate of finite thickness

In the previous section, we have calculated the deformation of cell and substrate as well as interfacial traction on a semi-
infinite substrate. In this subsection, we consider the same problem for cells on a substrate of finite thickness H.

According to Eqs. (S1.5) and (S1.6) in Supporting information S1, the displacements and stresses in a semi-infinite
substrate decay exponentially with depth. We find that the substrate displacements can be approximately expressed as
(Vlasov and Leonten, 1966)

u'sðr; zÞ ¼ usðrÞhðzÞ; w'sðr; zÞ ¼ 0 ð31Þ
where u'sðr; zÞ and w'sðr; zÞ are the radial and vertical displacements in the substrate, respectively, usðrÞ being the radial
displacement at the substrate surface and hðzÞ decaying as

hðzÞ ¼ sinh ½αðH�zÞ=R�
sinhðαH=RÞ ð32Þ

For large H, hðzÞ is an exponentially decaying function, consistent with the analytical and FEM based numerical solutions for
a semi-infinite substrate. For small H, hðzÞ becomes an approximately linear function, consistent with FEM simulations (see
Fig. S1a in Supporting information). The parameter α� 4 is a constant independent of the substrate stiffness and can be
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calculated by considering the solution of a semi-infinite substrate (see Fig. S1b). Here assuming w'sðr; zÞ ¼ 0 (Vlasov and
Leonten, 1966) implies that the vertical displacements do not have significant effect on the in-plane deformation of cell and
substrate, nor on the traction between them, when the thickness of the substrate is comparatively small. This assumption
will be justified by a comparison with FEM simulations in the discussion of results.

Using a variational method (Supporting information S2), the governing equation of the substrate is obtained as

E1s c
d2us1
dr2 þE1s c

r
dus1
dr �ðGsdþE1s c

r2 Þus1�τc ¼ 0; 0rrrR

E1s c
d2us2
dr2 þE1s c

r
dus2
dr �ðGsdþE1s c

r2 Þus2 ¼ 0; Roro1

8<
: ð33Þ

where E1s ¼ Esð1�νsÞ
ð1þνsÞð1�2νsÞ, c¼

RH
0 h2dz, and d¼ RH

0 ðdhdzÞ2dz.
Considering Eqs. (4), (33) and (14) leads
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where b¼ ρkbR
2

En

c hc
, e¼ GsdR

2

E1s c
and f ¼ ρkbR

2

E1s c
.

The cell displacement uc should satisfy the boundary condition Eq. (17). The substrate displacement us1 (0rrr1) should
satisfy us1 ¼ 0 at r¼ 0, and us2 (1rro1) should satisfy us2 ¼ 0 at r¼1, and the displacement and normal stress of
substrate should be continuous at the cell edge r¼ 1. Thus we obtain

uc ¼ 0 r¼ 0
duc
dr þνcucr ¼ �ð1þνcÞε0 r¼ 1

us1 ¼ 0 r¼ 0
us1 ¼ us2 r¼ 1
dus1
dr ¼ dus2

dr r¼ 1
us2 ¼ 0 r¼1

8>>>>>>>>><
>>>>>>>>>:

ð35Þ

Solving (34) we obtain

uc ¼ C1CBesselIð1;ArÞþC2DBesselIð1;BrÞþC3CBesselKð1;ArÞþC4DBesselKð1;BrÞ
us1 ¼ 2f ½C1BesselIð1;ArÞþC2BesselIð1;BrÞþC3BesselKð1;BrÞþC4BesselKð1;ArÞ�

us2 ¼ C5BesselIð1;
ffiffiffi
e

p
rÞþC6BesselKð1;

ffiffiffi
e

p
rÞ

8><
>: ð36Þ

where
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According to the first, the third and the last conditions in (35), the coefficients C3, C4 and C5 in (36) are all zero. The
coefficients C1,C2 and C6 can be determined by the other conditions in (35). Thus we determine the coefficients in Eq. (36) as

C1 ¼ �2ε0ð1þνcÞ½
ffiffiffi
e

p
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where for simplicity, we use the notation IαðxÞ ¼ BesselIðα; xÞ and KαðxÞ ¼ BesselKðα; xÞ, where α and x are parameters in
Bessel functions; and

G¼ 2½2ABC I0ðBÞ I0ðAÞþð1�νcÞAD I1ðBÞ I0ðAÞþBðνc�1ÞC I1ðAÞ I0ðBÞ�K1ð
ffiffiffi
e

p Þ
þ½Dþ4Cðνc�1ÞI1ðAÞ I1ðBÞþ2AC� ffiffiffiffiffi

e
p

K0ð
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e

p Þ ð39Þ
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Substituting (36) into (29) gives the cell traction as

τc ¼ �hc
R

C1A
2CBesselIð1;ArÞþC2B

2DBesselIð1;BrÞ
h i

ð40Þ

3. Results

3.1. Cell displacement and traction on semi-infinite substrate

3.1.1. Effect of substrate stiffness on cell displacement and traction under constant integrin-ligand bond density
Fig. 4 plots the calculated cell displacement and traction distributions for various stiffness ratios between substrate and

cell (the parameters used in the calculations are listed in Table 1). Both cell displacement (Fig. 4a) and traction (Fig. 4b)
increase with distance away from the cell center, which is consistent with the relevant experimental observations on the
distribution of cell traction on substrate (Gardel et al., 2008; Rape et al., 2011). The distribution of cell traction is also
consistent with that of FACs, suggesting that the formation of FACs is regulated by the magnitude of cell traction (Kong et al.,
2010). The substrate stiffness is seen to have significant effect on cell displacement and traction. For example, the cell
displacement varies with distance linearly on a soft substrate but exponentially on a stiff substrate. The cell traction also
varies linearly with distance near the center on a soft substrate, but it rises up dramatically at the cell periphery. It can be
seen that our analytical solution is consistent with numerical results when Es=Ec40:5. For Es=Eco0:5 (substrate
substantially softer than the cell itself), the analytical solution becomes inaccurate because the assumption of a small
parameter ao1 is no longer valid. The numerical method used is described in Supporting information S3.
Fig. 4. Radial distributions of cell displacement and traction for various values of substrate stiffness. (a) The cell displacement increases with distance from
the cell center, exhibiting a transition from linear to exponential variations at increasing substrate stiffness. (b) The cell traction increases with distance
from the cell center. The solid lines stand for analytical solutions and discrete dots are numerical results. Note that no analytical solution is available for the
case Es=Ec ¼ 0:1.



Table 1
Main parameters used in the present study.

Parameter Definition Value Source

Ec Young's modulus of cell 20 kPa Kuznetsova et al. (2007) and Gavara and Chadwick
(2012)

νc Poisson's ratio of cell 0.3 Trickey et al. (2006)
hc Cell height 2 μm Jeanes et al. (2009) and Bottier et al. (2011)
ε0 Cell pre-strain 0.1 (Lu et al., 2008)
R Cell radius 20 μm Reinhart-King et al. (2005) and Tee et al. (2011)
kb Stiffness of integrin-ligand bond 0.025 nN/

μm
Bell et al. (1984)

ρ Average density of integrin-ligand bonds on continuum
substrate

40 μm�2 Arnold et al. (2004)

ρp Bond density of FACs on posts 400 μm�2 Chen et al. (2003) and Arnold et al. (2004)
νs Poisson's ratio of substrate 0.3
rp Radius of micro-post 1 μm Ghibaudo et al. (2008)
d Distance micro-post 4 μm Ghibaudo et al. (2008)
hp Height of micro-post 1–12 μm Ghibaudo et al. (2008)
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To further understand the effect of substrate stiffness, we calculate the cell displacement and traction at the cell periphery as a
function of substrate stiffness (Fig. 5). The results show that the peripheral cell displacement is inversely proportional to
substrate stiffness for Es=Eco5 and asymptotically settles down to a plateau for Es=Ec45. In comparison, the cell traction first
increases and then levels off to a constant value with increasing substrate stiffness. These results suggest that increase of
substrate stiffness can enhance the cell adhesion, but cells will not sense any changes in substrate stiffness once the latter rises
above a critical value. Similar conclusions have been reached previously from a simple two-spring model (Schwarz et al., 2006).
In this model, the interfacial bonds and substrate are modeled as two elastic springs connected in series, with overall effective
stiffnesskef f ¼ kbks=ðkbþksÞ, ks being the effective spring constant of the substrate and kb the effective spring constant of the
interfacial bonds. If ksckb, then kef f-kb, i.e., the stiffness of the interfacial bond dominates the overall stiffness of the system. In
this situation, the cell can hardly sense any changes in substrate stiffness. Recent study demonstrates that the receptors and
ligands would form stronger bonds at a stiffer substrate for a more stable cell adhesion compared with the softer one, which
provides further evidence for cell's mechanosensing of the substrate elasticity from the molecular level (Li and Ji, 2014).

In addition, our results show that the cell radius R can affect cell traction. For example, the traction at the cell periphery
increases linearly with R when Ro20 μm and levels off to a plateau when R420 μm (Fig. 6). This result suggests that cell
spreading can promote the growth of FACs through traction enhancement. However, such effect becomes saturated when
the cell radius is too large.

3.1.2. Effect of non-uniform distribution of integrin-ligand bonds on cell displacement and traction
To consider possible non-uniform distributions of integrin-ligand bonds at the cell–substrate interface, we assume that

the bond density ρ is a power function of r as ρ¼ ðρ0ðNþ2Þ=2RNÞrN (N¼ 0;1;2; ::). The case N¼ 0 corresponds to a uniform
distribution of interfacial bonds with density ρ¼ ρ0. The total number of bonds is kept constant for different values of N. If
we substitute the non-uniform bond distribution into Eq. (16), we obtain the governing equation as
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The zeroth-order perturbation solution is
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where λ¼ ðNþ2Þ=2. Substituting (42) into (20), the coefficients C'1 0ð Þ and C'2 0ð Þ can be determined as

C'1ð0Þ ¼ ε0ð1þνcÞ
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C'2ð0Þ ¼ 0
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>: ð43Þ

Higher-orders perturbation solutions can be obtained using numerical methods. Fig. 7 shows the effect of power
exponent N on the distributions of cell displacement and traction. At increasing N, more interfacial bonds become
concentrated at the cell periphery, cell displacement is reduced near the edge (Fig. 7a) and cell traction is decreased in the



Fig. 5. Effect of substrate stiffness on the cell displacement and traction at cell periphery. (a) The cell displacement is inversely proportional to substrate
stiffness when Es=Eco5, but it decreases to a plateau value when Es=Ec45. (b) The cell traction is seen to be proportional to substrate stiffness on soft
substrates, but levels off to a constant value on stiff substrates. The solid lines stand for analytical solutions and discrete dots are numerical results.

Fig. 6. Effect of cell size on cell traction. The traction at the cell periphery increases linearly with cell size R when Ro20 μm, but it reaches a plateau value
when R420 μm. Here Es=Ec ¼ 2:5 and R¼ 20 mm. The solid lines stand for analytical solutions and discrete dots are numerical results.
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Fig. 7. Effect of a power-law distribution of bond density on the cell displacement and traction. Increasing power exponent N reduces (a) the cell
displacement and (b) cell traction in the interior region, while it significantly increases the traction at cell periphery.
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cell interior but increased at the cell periphery (Fig. 7b). This suggests that localization of FACs at cell periphery tends to
promote cell spreading.

3.1.3. Substrate with microposts
Micropost-patterned substrates have been widely used in the measurements of cell traction forces. The magnitude of cell

traction can be estimated by measuring the deflection of the micro-posts. For small deformation, the cell traction force on a

post is proportional to its deflection δ, i.e., f ¼ ð3EsIp=hp3Þδ. Therefore, the micro-posts can be thought of as a system of

distributed elastic springs with spring constant kp ¼ ð3EsIp=hp3Þ, where hp is the height and Ip is the cross-section moment of

inertia of the posts. For short posts, the spring constant is modified as 1
kp
¼ hp

3Es
hp

2

Ip
þ7þ6νs

Ap

� �
(Schoen et al., 2010). The combined

spring constant of a post and the attached molecular bonds is kpþb ¼ k'bkp=ðk'bþkpÞ, where k'b ¼ ρpkbAp, ρp being the bond

density and Ap the cross-section area of the post. For a square array of micro-posts, the post density is ρpþb ¼ ð1=d2Þ.
Replacing ρkb with ρpþbkpþb in Eq. (16), the cell displacement and traction on a micropost patterned substrate is

calculated and shown in Fig. 8a and b, respectively. Clearly, the height of the posts strongly affects the cell displacement and
traction. The cell traction varies with distance from the cell center linearly at large post height hp and exponentially at small
hp. Compared to the case of a continuous substrate, the traction on high posts is proportional to distance from the cell center
over the whole cell domain, with no concentration at the cell periphery. This suggests that a continuous substrate is better
for promoting the formation of FACs at cell periphery.

In addition, the above traction–distance law, which is found for micro-posted as well as continuous substrates, is
consistent with experimental observations of cells on micro-posted substrates by Ladoux et al. (Saez et al., 2005; Ghibaudo
et al., 2008; Ladoux et al., 2010). Our results also indicate that the assumption of cell traction being linearly proportional to



Fig. 8. Radial distributions of cell displacement and traction at various values of the micro-post height hp on a micro-post patterned substrate. (a) The cell
displacement increases with distance from the cell center. (b) The cell traction increases with distance from the cell center. The traction–distance
relationship changes from linear to exponential as hp is reduced. (c) The cell traction at cell periphery exhibits a biphasic dependence on substrate stiffness,
i.e., it increases linearly with the stiffness of the micro-posts when the latter is low and levels off to a constant value when it is high.
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distance from the cell center (Lemmon and Romer, 2010) is applicable only for cells on a soft matrix. The saturation of cell
traction force (Fig. 8c) on sufficiently stiff pillars is also consistent with the experimental measurements by Ladoux and co-
workers (Saez et al., 2005; Ghibaudo et al., 2008; Ladoux et al., 2010).

3.1.4. Characteristic decay distance of cell induced deformation
Next we calculate the radial displacement u'sðr; zÞ and shear stress τzrðr; zÞ in the substrate as functions of depth z by

using the Boussinesq–Cerruti solution (see Supporting information S1). Fig. 9a and b show the variations of u'sðr; zÞ and



Fig. 9. Cell-induced radial displacement and shear stress in the substrate. The variations of (a) radial displacement and (b) shear stress at the cell edge with
depth z into the substrate, λh being the characteristic depth of decay. (c) The variation of radial displacement on the substrate surface with distance from
the cell center, λd being the characteristic distance of decay from the cell edge. (d) The out-of-plane displacement ws in the cell domain. Here Es=Ec ¼ 0:5.
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τzrðr; zÞ with depth z at cell periphery. It can be seen that both u'sðr; zÞ and τzrðr; zÞ decay with depth and approach zero when
z4R, indicating that the substrate can be treated as a half-space once its height is larger than the cell radius. Furthermore,
the radial displacement at the substrate surface, u'sðr;0Þ, exhibits similar exponential decay with distance away from the cell
edge for r4R (see Fig. 9c). Fig. 9d plots the vertical displacement w'sðr;0Þ of the substrate surface as a function of the radial
distance from the cell center, showing a concave substrate surface profile in the presence of a cell, which is again consistent
with experimental observations (Delanoe-Ayari et al., 2010).

Fig 9a and c suggests that we can estimate the depth and distance of cell sensing from the characteristic decay length of
cell-induced substrate deformation. The characteristic length associated with depth decay, λh, is defined as the depth at
which the substrate displacement decays to 1=e times that at the cell edge, while the characteristic length associated with
lateral decay, λd, is defined as the lateral distance away from the cell edge (see also Fig. 1c) at which the surface
displacement decays to 1=e times that at the cell edge. The decay depth and distance remain almost constant with respect to
the substrate stiffness (Fig. 10a), and vary almost linearly with the cell size (Fig. 10b). If we define the cell sensing depth Lh as
the depth at which the cell-induced substrate displacement decays to 0.01 times that at the surface, and cell sensing
distance Ld as the distance from the cell edge at which the surface displacement decays to 0.01 times that at the cell edge, it
can be shown that Lh ¼ βλh and Ld ¼ βλd, where β¼ 2 ln 10. It follows from these definitions that the characteristic length
for mechanosensing of cells on substrates is roughly equal to the cell radius, with Lh ¼ 1:15R and Ld ¼ 1:38R.
3.2. Effect of substrate thickness

The cell displacement and traction on a substrate of finite thickness can be calculated from Eqs. (36, 40). Fig. 11 shows
that the thickness of the substrate strongly affects the deformation and traction fields in both cell and substrate when the
former is less than a critical length, and there is a good consistency between the analytical solutions and FEM results.
The cell traction varies approximately linearly with distance from the cell center within the inner cell region, while



Fig. 10. Mechanosensing distance of cells measured from the characteristic length of decay in cell induced deformation in an elastic substrate.
The characteristic decay depth and distance versus (a) substrate stiffness and (b) cell size. Here R¼ 20 um.
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concentrating at the cell edge (Fig. 11a). In addition, with increasing substrate thickness, the traction at the cell periphery
decreases but the displacement increases, and both level off to their half-space values when H=R41; see Fig. 11(b and c).
These results are consistent with the experiments of Sen et al. (2009) that showed enhanced cell spreading and less
contraction of mesenchymal stem cells on thin gels compared to those on thick ones.

4. Discussion

4.1. Cell traction distribution versus driving force for cell migration

Our analysis shows that the cell traction increases either linearly or exponentially with distance from the cell center,
depending on the stiffness of the substrate (Fig. 4b and Fig. 8b). This result, which is consistent with experimental
measurements, has important implications on the production and regulation of the driving force for cell migration.

The shape of a migrating cell is usually polarized (Zhong et al., 2014). For example, migrating fibroblasts exhibit a large
front (lamellipodia) and a long tail. In this configuration, the area of cell front is much larger than the tail, and the cell center
is located closer to the front (Dembo and Wang, 1999). According to the traction–distance law, the larger the distance from
the cell center, the higher the cell traction. Therefore, the traction should be larger at the cell tail than at the front. Polarized
keratocytes have a crescent-like shape consisting of a large front and two flank-like rears at cell sides (Burton et al., 1999),
and the cell center is also closer to the front. This profile again induces larger traction forces at the cell rear than at the front.

The above predictions are consistent with experimentally measured traction distributions in fibroblasts and keratocytes
(Burton et al., 1999; Dembo and Wang, 1999; Wang et al., 2001; Fournier et al., 2010). The experiments showed that cell
traction is smaller at the cell front than at the rear. This traction distribution profile is critical for cell migration. At the cell



Fig. 11. Effect of substrate thickness on cell displacement and traction. (a) The cell traction increases with distance from the cell center at different values of
the substrate thickness. The biphasic dependence of (b) cell traction and (c) displacement at the cell edge on the substrate thickness. The solid lines stand
for analytical solutions and discrete dots are FEM results. Here Es=Ec ¼ 0:1.
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front, the relatively small traction is expected to promote the formation of FACs (Kong et al., 2010), while the large traction at
the cell rear induces disassembly of FACs (Kong et al., 2008b), causing detachment of the cell rear so as to provide a driving
force for cell migration (Zhong and Ji, 2013).

These results also suggest that cell shape could be used to control cell motility, as different cell shapes induce different
distributions of cell traction. It has been recently shown that cell shape plays a pivotal role in cell migration by regulating
cell traction at cell front and rear: the higher the cell polarity, the higher the driving force for cell migration (Zhong and Ji,
2013, 2014).



S. He et al. / J. Mech. Phys. Solids 70 (2014) 116–135132
4.2. Do cells sense force or deformation of their substrates?

A long pursued, debated and frequently asked question is whether cells sense force or deformation in their
microenvironment. Saez et al. (2005) showed that the traction forces of epithelial cell are linearly proportional to substrate
rigidity, suggesting that the cellular forces are regulated by the deformation of the matrix in trying to maintain a
homeostatic strain. However, the measurements by Freyman et al. (2002) showed that the cell traction is limited by the
force rather than the displacement of the medium. These seemingly conflicting experimental results give rise to a puzzle on
whether cellular activity is controlled by force/stress or deformation/strain in the medium.

This puzzle suggests that there is no simple monotonic relationship between cell traction and substrate stiffness. We
note that the substrate stiffness used in Freyman et al. (2002) is much higher than that in Saez et al. (2005). According to our
analysis, the cell traction increases linearly with substrate stiffness on a soft substrate, but it levels off to a constant value on
a stiff substrate (Figs. 5b and 8c). This suggests that cell would appear to maintain constant strain on soft substrates and
constant traction on stiff substrates.

This finding can be extended to different cell types. Ghibaudo et al. (2008) showed that cell traction exhibits a biphasic
dependence on the stiffness of micro-posts for fibroblasts and epithelial cells. They found a linear regime in the traction-
stiffness relation when the stiffness of the micro-posts is below a critical value, suggesting a constant value of post
deflection of around 100 nm for fibroblasts and 160 nm for epithelial cells. Above a critical value of micro-post stiffness, they
observed a second regime with a constant traction of 11 nN for fibroblasts and 18 nN for epithelial cells.

The biphasic dependence of cell traction on substrate stiffness observed by Ghibaudo et al. (2008) is consistent with our
predictions for cells on both continuous and micro-post patterned substrates. We have seen that the cell traction on both
continuous and micro-post patterned substrates levels off to a plateau value when the substrate stiffness rises above a
critical value (Figs. 5b and 8c). This result can also be reached from the two-spring model of Schwarz et al. (2006). According
to the model, the effective stiffness of the system is dominated by the substrate stiffness kef f � ks when ks{kb, in which case
the cell traction will be sensitive to the substrate stiffness, but when ksckb, we have kef f � kb, in which case the stiffness of
substrate has little effect on the flexibility of the system. Therefore, there is no unique answer to the question of whether
cells feel the deformation or force because of the biphasic dependence of cell traction on substrate stiffness.

4.3. How far can cells sense into their substrates?

Our results show that the displacement and stress of substrate decay exponentially with depth and distance from the
cell. They both approach zero when the depth is around the cell radius (Fig. 9a and b). This behavior is related to the
question how far do cells feel into their microenvironment (Sen et al., 2009). According to our analysis, the cell induced
displacement and stress field in the substrate essentially vanish beyond a critical depth and distance comparable to the cell
size, which provides a clear definition on how far cells can feel into their substrates. This mechanosensing length is not
sensitive to the substrate stiffness in the range of 0:5oEs=Eco50, in consistency with experimental observations (Merkel
et al., 2007).

An interesting observation about cellular mechanosensing is that bone cells (osteocyte, osteoblast and osteoclast) sense
mechanical signals associated with bone remodeling: osteoblasts and osteoclasts are normally at the bone surface while
osteocytes are embedded in the bone matrix. In this problem, it is important to know how far the cells can sense mechanical
stimuli (Wang et al., 2012, 2014). In the literature on bone modeling simulation (Ruimerman et al., 2005), the
mechanosensing length is often taken to be 100 μm, which is on the same order of magnitude as the value predicted by
our model.

This result also suggests that a substrate thicker than the cell radius can be approximately treated as a semi-infinite
substrate (Maloney et al., 2008), which is crucial to the experimental measurement of cell traction forces from the associated
surface deformation of a substrate of finite thickness. Our analysis indicates that the thickness of the substrate should be
chosen larger than the mechanosensing length if the traction force is to be determined from an inverse method based on the
Boussinesq–Cerruti solution of a semi-infinite substrate.

5. Conclusions

A simple mechanics model of mechnosensing of cells on elastic substrates has been developed. In this model, the cell is
modeled as a pre-strained circular disk on an elastic substrate. Analytical and numerical solutions have been obtained for
the cell traction and induced displacements in cell and substrate. We showed that the magnitude and distribution of cell
traction depend on substrate stiffness, substrate thickness, interfacial bond density and cell size. The main results are
summarized as follows:
�
 It is shown that the cell traction generally increases with distance from the cell center. This traction distribution law
suggests important roles of cell shape (polarization) in regulating the speed and direction of cell migration.
�
 Substrate stiffness has significant influence on the distribution and magnitude of cell traction, which changes from a
linear distribution with distance from the cell center on a soft substrate to an exponential distribution on a stiff substrate.
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It is found that the maximum cell traction exhibits a biphasic dependence on substrate stiffness: it increases linearly with
the stiffness of a soft substrate (corresponding to a constant deformation/strain), and then levels off to a constant value
on a stiff substrate. These results suggest that cells mainly sense deformation on a soft substrate but force on a stiff
substrate.
�
 It is found that the elastic displacement in the substrate decays with distance away from the cell edge, as well as with
depth from the surface. The characteristic decay length for the elastic field has been related to the mechanosensing
length of cells, which is shown to be comparable to the cell size. Our results show that the mechanosensing length of
cells is insensitive to substrate stiffness.

While the present study has provided some insights into mechanosensing of cells on elastic substrates, a number of open
questions can be further explored in the future work:
�
 It will be interesting to study the underlying mechanisms that control the magnitude of cell's eigenstrain which is around
0.1 according to existing experiments (Deguchi et al., 2006; Lu et al., 2008). Many studies in the literature (Bayraktar and
Keaveny, 2004; Guo et al., 2005; Arampatzis et al., 2007) suggest that there exist homeostatic eigenstrains even at the
level of macroscale tissues such as bone, tendon or blood vessel. However, the underlying mechanisms, which seem to
involve many length scales from molecular, subcellular to cellular scales, that determine the value of the eigenstrains in
cells and tissues remain to be fully clarified.
�
 It will be interesting to study the effect of cell–cell interactions on mechanosensing. In the present study, we only
considered single cell behaviors. The cell–cell interaction is expected to influence cell–substrate interaction. Experiments
showed that for the metastasis of tumor cells, the cell–cell adhesion is dramatically reduced to allow for invasive
migration of tumor cells.
�
 It will also be interesting to study the distribution of cell traction and associated deformation on anisotropic and spatially
constrained substrate, as well as their effect on the driving force of cell migration.
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