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A Traction-Free Model for the
Tensile Stiffness and Bending
Stiffness of Laminated Ribbons
of Flexible Electronics
Laminated ribbons have been widely adopted for structures of flexible electronics to simul-
taneously achieve the electronic functions and mechanical performances. Their effective
tensile stiffness and bending stiffness, which are extensively used as fundamental parame-
ters in the mechanical analysis, are usually obtained by the plane-strain hypothesis for sim-
plicity. However, it is found that the practical condition is usually closer to the traction free,
even for the cases with a relatively large width. Here, a traction-free model is proposed to
analytically obtain the effective tensile stiffness and bending stiffness of laminated ribbons,
which can be used directly in the mechanical analysis of flexible electronics. The prediction
of the traction-free model agrees very well with the precise result obtained by 3D finite
element analysis (FEA) for the cases that are in the range of structure designs of flexible
electronics. It is found that the tensile/bending stiffness of traction-free model is between
the plane-stress model and plane-strain model, but is closer to the plane-stress model.
The use of the plane-strain model sometimes may yield a considerable error in the mechan-
ical analysis of flexible electronics. The parameter study shows that this model is very
important for the problems with advanced materials, such as metamaterials with negative
Poisson’s ratio. This work provides a theoretical basis for the mechanical analysis of flex-
ible electronics. [DOI: 10.1115/1.4042920]

Keywords: laminated ribbon, tensile stiffness, bending stiffness, plane-strain, plane-stress,
flexible electronics

1 Introduction
Flexible electronics have attracted increasing interest in the last

decade due to its great potential applications [1,2]. Examples
include electronic eye cameras [3], stretchable electronic skin [4–6],
flexible health monitoring system [7–10], stretchable batteries [11],
multifunctional integumentary cardiac membranes [12,13], piezo-
electric energy harvesters [14–18], smart gloves for gesture recogni-
tion, and smart clothing for sitting posturemonitoring [19].More and
more studies turn to practical applications [19–21] from ideal con-
cepts of flexible electronics [22–27]. Compared with organic
devices, inorganic flexible electronicsmay achieve practical applica-
tion earlier because of their high electronic performance and proven
industrial production lines.
Mechanical structural designs, analysis, and optimization are crit-

ical for the flexibility and stretchability of inorganic electronics
[28–30]. The most popular stretchable structure design is the island-
bridge mesh structure, as shown in Fig. 1, in which the functional
components reside on the islands and are connected by the stretch-
able interconnects. The islands do not significantly deform, while
the interconnects provide the stretchability for the entire system that
is subjected to apparently applied stretch. The geometric design of
the interconnects (i.e., bridges) has been developed from straight
[31,32] to curved [33–35] and fractal-inspired [11,21,36,37]
layouts; the initial regime of the interconnects has been developed
from two-dimensional [6] to three-dimensional configurations
[38]; and the deformation mechanism has been developed from

buckling [39] to nonbuckling [20]. The stretchability can achieve
as large as several hundred percent. For some applications that
demand only the bendability rather than stretchability, thin-film-like
structures are widely adopted [14,17]. The thickness of the structure
is the key of the design. According to mechanical analysis, thinner
structures usually have better bendability while other parameters are
kept constant.
Laminated ribbons consisting of metals and polymers are widely

adopted to simultaneously realize the electronic functions and
mechanical bendability and stretchability (Fig. 1) [39–41]. These
laminated ribbons are usually subjected to loads of tension and
bending. Their effective tensile stiffness and bending stiffness,
which are frequently used as fundamental parameters in the
mechanical analysis, are usually obtained by the plane-strain
hypothesis [14,15,17,39–44]. With this assumption, the strain
along the out-of-plane direction (x direction in Fig. 2(a)) is zero
for all layers. The reason for using the plane-strain hypothesis is
sometimes just for simplicity, or that the width of the ribbon is rel-
atively large. However, the condition of the large width does not
ensure the condition of zero strain or zero stress in the x direction
for all layers. The practical condition in the out-of-plane direction
is usually closer to that of the apparent traction force and moment
(fx and mx in Fig. 2(a)) at the two edges perpendicular to the x
axis are zero, even for the cases with a relatively large width. There-
fore, the mechanical condition is neither plane strain nor plane
stress, but should be apparently traction free. With the condition
of traction free, the interaction between each layer should be quan-
titatively considered. The detailed analysis will be given in the fol-
lowing Secs. 2 and 3.
In this paper, a traction-free model that is different from both the

plane-strain model and the plane-stress model is developed to
obtain the effective tensile stiffness and bending stiffness of lami-
nated ribbons, which are frequently used in the mechanical analysis
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of flexible electronic. In Sec. 2, the traction-free model is described
and analyzed. Effective tensile stiffness and bending stiffness are
analytically obtained. The plane-strain model and the plane-stress
model are also analyzed for comparison. In Sec. 3, the traction-free
model, the plane-strain model, and the plane-stress model are sys-
tematically compared with a double-layer example. Finally, con-
cluding remarks are given in Sec. 4.

2 Analytic Models for Laminated Ribbons
In this section, a traction-free model is proposed to analyze the

mechanical behaviors of laminated ribbons. The effective tensile
stiffness and bending stiffness are analytically obtained by this
model. As illustrated in Fig. 2(a), a laminated ribbon of n layers
is subjected to the uniformly distributed axial forces fx and fz
and bending moments mx and mz at the boundaries. The rela-
tion between the thickness ti of each layer and the coordinate yi

is ti= yi− yi−1, as shown in Fig. 2(b). With the loads of tension
and bending, the principal strains are along the directions of the
coordinates. The strains can be obtained by the Kirchhoff assump-
tion as

εx = εx0 + κx y −
1
2

∑n
j=1

tj

( )

εz = εz0 + κz y −
1
2

∑n
j=1

tj

( )
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(1)

where ɛx0 and ɛz0 are the membrane strain at the middle plane
(y =

∑n
j=1 tj/2) of the laminate ribbon along x and z directions

and κx and κz are the curvatures, respectively. It is worth noting
that the middle plane need not necessarily be the neutral plane
for the laminated ribbons with multiple materials, i.e., ɛx0 and

(a) (b)

(c)

Fig. 1 Schematics of the island-bridgemesh structure of flexible electronics with laminated ribbons for interconnects
(with permissions): (a) a four-layer ribbon consisting of PI/Cr/Au/PI, (b) a three-layer ribbon consisting of SU8/Au/SU8,
and (c) a four-layer ribbon consisting of PI/metal/SiO2/PI

(a) (b)

Fig. 2 (a) Schematic illustration of a laminated ribbon subjected to the distributed axial forces and bending
moments and (b) the cross section of the laminated ribbon
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ɛz0 are not necessarily zero. The linear elastic constitutive relation
gives the normal stresses as

σx =
E

1 − ν2
(εx + νεz)

σz =
E

1 − ν2
(εz + νεx)

⎧⎪⎨
⎪⎩ (2)

Here, E is Young’s modulus and ν is Poisson’s ratio. Therefore,
the axial forces and bending moments per unit length can be
obtained by integration over the entire thickness of the laminated
ribbons as follows:

fx =
∫yn
y0

σxdy

fz =
∫yn
y0

σzdy

mx =
∫yn
y0

σx y −
1
2

∑n
j=1

tj

( )
dy

mz =
∫yn
y0

σz y −
1
2

∑n
j=1

tj

( )
dy

(3)

Substitution of Eqs. (1) and (2) into Eq. (3) gives the relation
between the axial forces/bending moments and the membrane
strains/curvatures as

fx
fz
mx

mz

⎡
⎢⎢⎣

⎤
⎥⎥⎦ =

α1 α2 α3 α4
α2 α1 α4 α3
α3 α4 α5 α6
α4 α3 α6 α5

⎡
⎢⎢⎣

⎤
⎥⎥⎦

εx0
εz0
κx
κz

⎡
⎢⎢⎣

⎤
⎥⎥⎦ (4)

where

α1=
∑n
i=1

Eiti
1−ν2i

α2=
∑n
i=1

νiEiti
1−ν2i

α3=
∑n
i=1

Eiti
2(1−ν2i )

(∑i−1
j=1

tj+
∑i

j=1

tj−
∑n
j=1

tj

)

α4=
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νiEiti
2(1−ν2i )
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tj+
∑i

j=1

tj−
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j=1

tj

)

α5=
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i=1

Ei

3(1−ν2i )

(∑i
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tj−
1
2
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j=1

tj

)3

−

(∑i−1
j=1

tj−
1
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⎭
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∑n
i=1

νiEi
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tj

)3
⎡
⎣

⎤
⎦

⎧⎨
⎩

⎫⎬
⎭

(5)

Here, Ei, νi, and ti are Young’s modulus, Poisson’s ratio, and
the thickness of the ith layer in the laminated structure, respec-
tively. With the traction-free condition at the boundaries that is
perpendicular to the x axis

fx = mx = 0 (6)

and the zero bending moment condition

mz = 0 (7)

the tensile stiffness is obtained as

EAz,traction−free =
fz
εz0

=
(α1α5 + α2α6 − α23 − α24)

2 − (α1α6 + α2α5 − 2α3α4)2

α1(α25 − α26) − α5(α23 + α24) + 2α3α4α6
(8)

With the traction-free conditions (6) and the zero force condi-
tion

fz = 0 (9)

the bending stiffness is obtained as

EIz,traction−free =
mz

κz

=
(α1α5 + α2α6 − α23 − α24)

2 − (α1α6 + α2α5 − 2α3α4)2

α5(α21 − α22) − α1(α23 + α24) + 2α2α3α4
(10)

In the plane-strain model, εx = εx0 + κx y −
∑n

j=1 tj/2
( )

= 0 is

required. The traction-free model can be degenerated to the plane-
strain model by applying the condition

εx0 = κx = 0 (11)

to the above derivations. In conventional derivation of plane-strain
tensile stiffness, the effect of bending is not considered. By apply-
ing the additional condition κz= 0, the tensile stiffness of the
plane-strain model can be obtained as

EAz,plane−strain = α1 =
∑n
i=1

Eiti
1 − ν2i

(12)

With the traction-free condition (11), the bending stiffness then
degenerates to

EIz,plane−strain = α5 −
α23
α1

(13)

Replacing Ei/(1 − ν2i ) by Ei, in Eqs. (5), (12), and (13), the
tensile stiffness and bending stiffness for the plane-stress model
are obtained as

EAz,plane−stress = α′1 =
∑n
i=1

Eiti (14)

and

EIz,plane−strain = α′5 −
(α′3)

2

α′1
(15)

where

α′1 =
∑n
i=1

Eiti

α′3 =
∑n
i=1

Eiti
2

(∑i−1
j=1

tj +
∑i

j=1

tj −
∑n
j=1

tj

)

α′5 =
∑n
i=1

Ei

3

(∑i

j=1

tj −
1
2

∑n
j=1

tj

)3

−

(∑i−1
j=1

tj −
1
2

∑n
j=1

tj

)3
⎡
⎣

⎤
⎦

⎧⎨
⎩

⎫⎬
⎭
(16)
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There are two special cases that should be discussed here:

(1) For νi= ν, Poisson’s ratio of each layer is the same. The coef-
ficient αi in Eq. (5) degenerates to

α1 =
1

1 − ν2
α′1, α2 =

ν

1 − ν2
α′1, α3 =

1
1 − ν2

α′3,

α4 =
ν

1 − ν2
α′3, α5 =

1
1 − ν2

α′5, α6 =
ν

1 − ν2
α′5

(17)

The bending stiffness of traction-free model given in Eq. (10)
degenerates to Eq. (15) that is for the plane-stress model. Similar
to the derivation of Eq. (8), the tensile stiffness of the traction-free
model degenerates to Eq. (14) that is for the plane-stress model, by
the application of the additional condition κz= 0.

(1) For νi= 0, Poisson’s ratio of each layer is zero. The coeffi-
cient αi in Eq. (5) degenerates to

α1 =
1

1 − ν2
α′1, α2 = 0, α3 =

1
1 − ν2

α′3,

α4 = 0, α5 =
1

1 − ν2
α′5, α6 = 0

(18)

The bending stiffness of the three models becomes exactly the
same. With the application of the additional condition κz= 0 to
the traction-free model, the tensile stiffness of the three models
also agrees with each other.

3 Results and Discussions
In this section, the traction-free model, the plane-strain model,

and the plane-stress model are compared systematically with an
example of a double-layer ribbon. The underlying mechanism
that yields the difference among the models is investigated.
Effects of the parameters, such as the width of the ribbon,
Young’s modulus, and Poisson’s ratio on the tensile stiffness and
the bending stiffness are studied comprehensively. Finite element
analysis (FEA) with three-dimensional (3D) practical conditions
is conducted to verify the results.
The cross section of the double-layer ribbon with width w, thick-

ness ti, Young’s modulus Ei, and Poisson’s ratio νi for the ith layer is
shown in Fig. 3(a). To study the tensile stiffness, a uniformly dis-
tributed tensile force fz is applied to the two ends of the ribbon
while other forces and moments are zero (Fig. 2(a)). For the
bending stiffness, a uniformly distributed bending moment mz is
applied to the two ends of the ribbon, while other forces and
moments are zero (Fig. 2(a)). With the thicknesses t1= t2= 1 μm,

(a)

(b1) (b2)

(c1) (c2)

Fig. 3 (a) Schematic illustration of the cross section of the double-layer ribbon. Comparison of the tensile/
bending stiffness of the three models and 3D FEA, and the effects of the width: (b1) ν1===== 00000, ν2 ===== 0.49 for tensile
stiffness, (b2) ν1 ===== 00000, ν2 ===== 00000.....4444499999 for bending stiffness, (c1) ν1 =====−−−−−0.9, ν2 ===== 0.49 for tensile stiffness, and
(c2) ν1 =====−−−−−00000.....99999, ν2 =====00000.....49 for bending stiffness.
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Young’s moduli E1=E2= 1 GPa and Poisson’s ratios
ν1 = 0,ν2 = 0.49, the comparison of tensile/bending stiffness of
the three models and the effects of the width w are depicted in
Figs. 3(b1) and 3(b2), respectively. For all the ranges of the
width w, the tensile/bending stiffness per width of the traction-free
model is between that of the plane-stress model and the plane-strain
model. The precise result predicted by FEA (see the next paragraph
for detail) verified the traction-free model. For w> 10 μm that is in
the range of structure designs of flexible electronics, the tensile/
bending stiffness resulting from the traction-free model agrees
very well with the FEA prediction, while the precise result
approaches the plane-stress model for the narrower width w. For
a small width w, the deformation mode of most regions does not
follow the Kirchhoff assumption, and the result of 3D FEA for prac-
tical conditions deviates from the traction-free model and
approaches that of the plane-stress model. Moreover, the result of
the traction-free model is closer to that of the plane-stress model,
instead of the plane-strain model that has been usually adopted in
the past mechanical analysis for simplicity [14,15]. With the devel-
opment of material science, metamaterials with extreme mechanical
properties are widely utilized in advanced structures and devices. In
this context, the case with ν1 = −0.9 and ν2 = 0.49 is studied in
Figs. 3(c1) and 3(c2). The tensile/bending stiffness of the plane-
strain model is more than three/two times as large as that of the
plane-stress model, while the traction-free model is closer to the
plane-stress model.
In the model of FEA, the 3D solid element with real dimensions

and material parameters is used to simulate the practical conditions.
The stress-free condition is applied at the two edges perpendicular
to the x axis (Fig. 2(a)), as well as the bottom and top surfaces.
Because the tensile/bending stiffness should be independent of
the length of the model, the hypothesis of the plane section is
kept at the two edges perpendicular to the z axis (Fig. 2(a)) by
using of the “reference point,” the “rigid plane,” and the “nonfric-
tion contact” in the commercial software ABAQUS [45]. With

these conditions, the hypothesis of the plane section (x–y plane) is
kept everywhere along the z axis, while the interaction between
adjacent layers appears along the x axis.
To understand the underlying mechanism that yields the differ-

ence among the three models, the distribution of the shear stress
τxy at the interface between the two layers is studied with the
example of the tension of the double-layer ribbon. For the plane-
strain model, there is no shear stress τxy at the interface between
adjacent layers, which is ensured by the condition of zero strain
ɛxx for each layer. The “constraint” along the x direction is very
“strong.” In the plane-stress model, the condition of zero stress
σxx is confirmed, and the deformation in x direction is free and inde-
pendent for each layer. Shear stress τxy is also zero or not considered
in fact. The “constraint” along the x direction is “zero.” In the
traction-free model, the condition of zero traction force and
moment is ensured anywhere along the x axis, while shear stress
between the adjacent layers locates near the two boundaries as
shown in Fig. 4. The “constraint” along the x direction is very
“weak.” The order of the “constraint” of the three models corre-
sponds to the order of the amplitude of the tensile stiffness, as
shown in Figs. 3(b1), 3(b2), 3(c1), and 3(c2). Figure 4(a) shows
the distribution of the shear stress τxy normalized by the applied
stress σzz obtained by the 3D FEA with practical conditions. For a
small width (w< ∼3 μm), the shear stress distributes in the entire
width and the peak is relatively small. The traction-free model
approaches the plane-stress model, which is confirmed by the 3D
FEA (Fig. 3). For a larger width (w> ∼3 μm), the nonzero shear
stress distributes mainly at the area near the two boundaries. This
point is further shown in Fig. 4(b). The shear stress τxy transfers
and balances the normal stress σxx of the two layers in a transferring
region with the size of rtransfer. When the width w reaches a certain
large value, the peak of shear stress becomes a constant τmax, which
is independent of the width w. The transferring region rtransfer can be
defined as the size of the region where τxy/τmax ≥ 1%. As shown in
Fig. 4(b), rtransfer increases with the increase in the width w at the

(a)

(c)

(b)

Fig. 4 The distribution of the normalized shear stress at the interface between the two layers along the
x axis: (a, b) ν1 ===== 00000 and (c) ν1 =====−−−−−00000.....99999
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beginning and becomes constant when w is large. For the extreme
case with ν1 = −0.9 and ν2 = 0.49, the peaks of the shear stress
becomes much larger as depicted in Fig. 4(c) because the deforma-
tion of the two layers becomes more uncoordinated.
Furthermore, the effects of mechanical property and geometry on

the tensile/bending stiffness are also discussed for the three analyt-
ical models. Firstly, the effect of Poisson’s ratio is studied as shown
in Fig. 5. For the given Poisson’s ratio ν1=−0.9, 0, and 0.5, respec-
tively, the tensile/bending stiffness as a function of ν2 is compared
with those of the three models. The result of the plane-stress model
is independent of Poisson’s ratio ν1 and ν2. For ν1=−0.9, the
tensile/bending stiffness of the plane-strain model is much larger
than that of the traction-free model and the plane-stress model
(Figs. 5(a1) and 5(a2)). The result of the traction-free model
approaches that of the plane-stress model for ν1= ν2=−0.9
(Figs. 5(a1) and 5(a2)) and ν1= ν2= 0.5 (Figs. 5(c1) and 5(c2)),
respectively. For ν1= 0 as shown in Figs. 5(b1) and 5(b2), the
results of the three models approach each other for ν2= 0. The
effects of Young’s modulus E2 and thickness t2 are also studied
in Fig. 6. The tensile/bending stiffness here is normalized by that
of the plane-stress model. The results confirmed that the traction-
free model can give an accurate prediction of the tensile/bending
stiffness for laminated ribbons of flexible electronics, while those

from the plane-strain model and the plane-stress model are not
good enough.

4 Concluding Remarks

(1) The effective tensile/bending stiffness of laminated ribbons,
which is frequently used as the fundamental parameter in the
mechanical analysis of flexible electronics, is usually
obtained by the plane-strain hypothesis for simplicity. It is
found that the practical condition is usually closer to the trac-
tion free instead of the plane strain, even for the cases with a
relatively large width.

(2) A traction-free model is proposed to study the effective
tensile/bending stiffness of the laminated ribbon. Analytic
expressions for the effective tensile/bending stiffness are
obtained, which can be used directly in the mechanical anal-
ysis of flexible electronics.

(3) The prediction of the traction-free model agrees very well
with the precise result, which is obtained by 3D FEA for
the cases in the range of structure designs of flexible electron-
ics. It shows the validation of the application of the traction-
free model to flexible electronics.

(a1) (a2)

(b1) (b2)

(c1) (c2)

Fig. 5 The effects of Poisson’s ratio ν2 on the tensile/bending stiffness of the double-layer ribbon: (a1)
ν1 =====−−−−−00000.....99999 for tensile stiffness, (a2) ν1 =====−−−−−00000.....99999 for bending stiffness, (b1) ν1 ===== 00000 for tensile stiffness, (b2) ν1 =====00000
for bending stiffness, (c1) ν1 = 00000.....55555 for tensile stiffness, and (c2) ν1 =====00000.....55555 for bending stiffness
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(4) For all the cases we have studied, the result of the traction-
free model is between the plane-stress model and the plane-
strain model, but is closer to the plane-stress model. The use
of the plane-strain model sometimes may yield considerable
error in the mechanical analysis of flexible electronics.

(5) Effects of Poisson’s ratio, Young’s modulus, and the ribbon
thickness are studied systematically. It shows that this work
is very important for the problems with advanced materials,
such as metamaterials with a negative Poisson’s ratio.
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